Abstract. For any topological space X we study the relation between the universal uniformity U X , the universal quasi-uniformity qU X and the universal pre-uniformity pU X on X. For a pre-uniformity U on a set X and a word v in the two-letter alphabet {+, −} we define the verbal power U v of U and study its boundedness
Introduction
In this paper we suggest a uniform treatment of many (star-)covering properties considered in topological literature. Namely, for every word v in the two-letter alphabet {+, −} we define v-compact, weakly v-compact, v-Lindelöf, and weakly v-Lindelöf spaces, and the corresponding cardinal topological invariants L v ,L v , ℓ v ,l v , which generalize many known cardinal invariants that have covering nature. In particular, ℓ + andl + coincide with the Lindelöf and weakly Lindelöf numbers, ℓ −+ coincide with the weak extent and ℓ +−+ coincides with the star-Lindelöf number. The cardinal characteristics L v ,L v , ℓ v ,l v are defined in Section 4. Sections 1, 2 are of preliminary character and collect known information on covering and star-covering properties in topological spaces and pre-uniform spaces. In Section 3 we introduce three canonical pre-uniformities pU X , qU X , U X on a topological space X and study the inclusion relation between these pre-uniformities and their verbal powers. Section 5 is devoted to studying the interplay between the density d and the cardinal invariant ℓ − called the foredensity.
Preliminaries
In this section we recall some information on covering properties of topological spaces. Let ω denote the set of all finite ordinals and N = ω \ {0} be the set of natural numbers. For a subset A of a topological space X by A we denote the closure of the set A in X. We recall that a family (A i ) i∈I of subsets of a topological space X is discrete if each point z ∈ X has a neighborhood that meets at most one set A i , i ∈ I.
1.1. Classical cardinal invariants in topological spaces. We recall that for a topological space X its character χ(X) is defined as the smallest cardinal κ such that each point x ∈ X has a neighborhood base B x of cardinality |B x | ≤ κ.
Next, we recall the definitions of the basic cardinal invariants composing the famous Hodel's diagram [11, p.15] (see also [8, p.225] ). For a topological space X let
• w(X) = min{|B| : B is a base of the topology of X} be the weight of X;
• nw(X) = min{|N | : N is a network of the topology of X} be the network weight of X;
• d(X) = min{|A| : A ⊂ X, A = X} be the density of X;
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• hd(X) = sup{d(Y ) : Y ⊂ X} be the hereditary density of X;
• l(X), the Lindelöf number of X, be the smallest cardinal κ such that each open cover U of X has a subcover V ⊂ U of cardinality |V| ≤ κ; • hl(X) = sup{l(Y ) : Y ⊂ X} be the hereditary Lindelöf number of X; • s(X) = sup{|D| : D is a discrete subspace of X} be the spread of X; • e(X) = sup{|D| : D is a closed discrete subspace of X} be the extent of X; • c(X) = sup{|U| : U is a disjoint family of non-empty open sets in X} be the cellularity of X.
These nine cardinal characteristics compose the Hodel's diagram [11] in which an arrow f → g indicates that f (X) ≤ g(X) for any topological space X. The same convention concerns all other diagrams drawn in this paper.
w
The Hodel diagram can be completed by two less known cardinal characteristics:
• the discrete extent de(X) = sup{|A| : A is a discrete family of non-empty subsets in X} and • the discrete cellularity dc(X) = sup{|U| : U is a discrete family of non-empty open sets in X} of X.
It is easy to see that each topological space X has e(X) ≤ de(X). If X is a T 1 -space, then de(X) = e(X). Therefore, the Hodel's diagram extends to the following diagram (drawn horizontally). It this diagram the arrow de e indicates that de(X) ≤ e(X) for any T 1 -space X.
Star-covering properties of topological spaces. In this subsection we recall the definitions of starcovering properties introduced and studied in [7] , [18] , [19] . For a cover U of a set X and a subset A ⊂ X we put St 0 (A; U) = A and St n+1 (A; U) = {U ∈ U : U ∩ St n (A; U) = ∅} for n ≥ 0. For a topological space X and a non-negative integer number n ∈ ω put
• L * n (X) be the smallest cardinal κ such that for every open cover U of X there is a subset A ⊂ X of cardinality |A| < κ such that St n (A; U) = X; •L * n (X) be the smallest cardinal κ such that for every open cover U of X there is a subset A ⊂ X of cardinality |A| < κ such that St n (A; U) is dense in X; • L * n 1 2 (X) be the smallest cardinal κ such that for every open cover U of X there is a subfamily V ⊂ U of cardinality |V| < κ such that St n (∪V; U) = X; •L
•l * n (X) be the smallest cardinal κ such that for every open cover U of X there is a subset A ⊂ X of cardinality |A| ≤ κ such that St n (A; U) is dense in X; • l * n 1 2 (X) be the smallest cardinal κ such that for every open cover U of X there is a subfamily V ⊂ U of cardinality |V| ≤ κ such that St n (∪V; U) = X; •l Proposition 1.1. Each topological space X has l * 1 (X) ≤ de(X),l * 1 1 2 (X) ≤ dc(X) andl * 1 (X) ≤ dc(X) · ld(X).
Proof. To prove that l * 1 (X) ≤ de(X), take any open cover U of X and using Zorn's Lemma, choose a maximal subset A ⊂ X such that a / ∈ St(b; U) for any distinct points a, b ∈ A. We claim that the family of singletons {a} : a ∈ A is discrete in X. Indeed, assuming that for some point x ∈ X each neighborhood O x ⊂ X of x contains two distinct points a, b ∈ A, we can take any set U ∈ U containing x, find two distinct points a, b ∈ A ∩ U and conclude that b ∈ St(a; U), which contradicts the choice of the set A. So, the family {a} : a ∈ A is discrete and hence |A| ≤ de(X). By the maximality of A, for every x ∈ X there is a point a ∈ A such that x ∈ St(a; U), which implies X = St(A; U). This witnesses that l * 1 (X) ≤ de(X).
To prove thatl * 1
Using Zorn's Lemma, choose a maximal U-separated family V of non-empty open sets in X such that each set V ∈ V has density d(V ) ≤ ld(X) and is contained in some set U V ∈ U. By the maximality of V the set St(∪V; U) is dense in X. The U-separated property of V implies that the family V is discrete in X (more precisely, each point x ∈ X has a neighborhood U ∈ U meeting at most one set V ∈ V) and hence |V| ≤ dc(X). The family U ′ = {U V : V ∈ V} has cardinality |U ′ | ≤ |V| ≤ dc(X) and St(∪U ′ ; U) = X witnessing thatl * 1
Now we detect topological spaces for which some of the cardinal characteristics l * n ,l * n , n ∈ 1 2 N, coincide. We recall that a topological space X is called
• quasi-regular if every non-empty open set U ⊂ X contains the closure V of another non-empty open set V ⊂ U ; • collectively normal (resp. collectively Hausdorff) if for each discrete family F of (finite) subsets of X there is a discrete family (U F ) F ∈F of open sets such that F ⊂ U F for all F ∈ F ; • locally separable if each point x ∈ X has a separable neighborhood;
• a Moore space if X is a regular T 1 -space possessing a sequence of open covers (U n ) n∈ω such that the family {St(x; U n )} n∈ω is a neighborhood base at each point x ∈ X. By Theorem 1.2 of [10] , a topological space X is metrizable if and only if X is a collectively normal Moore space.
If X is a Moore space, then l * 1 (X) = d(X) and e(X) = de(X) = hd(X).
To prove that these inequalities turn into equalities, it suffices to check that dc(X) ≤ l * n 1 2 (X) for every n ∈ N. Assuming that l * n 1 2 (X) < dc(X) for some n ∈ N, find a discrete family V of cardinality |V| > l * n Using the quasi-regularity of X, for every V ∈ V choose a sequence of non-empty open sets (V i ) n+1 i=0 such that V i ⊂ V j for every i < j ≤ n + 1 and V n+1 = V . Taking into account that the family V is discrete, we conclude that the set
′ by a larger subfamily, we can assume that
. This contradiction completes the proof of the inequality dc(X) ≤ min n∈N l * n
2. If the space X is locally separable, thenl * 1 (X) ≤ dc(X) by Proposition 1.1. Combined with the equality dc(X) =l * 1 1 2 (X) ≤l * 1 (X) proved in the preceding item, this yields the required equalityl * 1 (X) = dc(X).
Next, assuming that the space X is normal. By the preceding item, dc(X) =l * 1
To derive a contradiction, assume that dc(X) <l * 1 (X). Then we can find an open cover U of X such that for any subset A ⊂ X of cardinality |A| ≤ dc(X) the set St(A; U) is not dense in X. Let κ = dc(X). By transfinite induction we can use the quasi-regularity of X and construct a transfinite sequence of open sets (V α ) α<κ + ⊂ X and points (x α ) α<κ + in X such that x α ∈ V α ⊂ V α ⊂ X \ St({x β } β<α ; U) for every α < κ + . For every α < κ denote bȳ x α the closure of the singleton {x α } in X. We claim that the family {x α } α<κ + is discrete in X. Given any point x ∈ X, we should find a neighborhood O x ⊂ X of x that meets at most one setx α , α < κ + . Consider the star St(x; U) of x. If this star meets no setx α , then O x = St(x; U) is a required neighborhood of x. In the opposite case we can choose the smallest ordinal α < κ such thatx α ∩ St(x; U) = ∅. Then x α ∈ St(x; U) and hence x ∈ St(x α ; U). For every ordinal β with α < β < κ + the choice of the point x β guarantees that x β / ∈ St(x α ; U) and hencex β ∩ St(x α ; U) = ∅. Then the neighborhood O x = St(x; U) ∩ St(x α , U) has the required property: O x ∩x β = ∅ for every ordinal β ∈ κ + \ {α}. Therefore, {x α } α<κ + is a discrete family of closed subsets in X and hence its union F = α<κ +xα is closed in X. Observe that for every α < κ + the open set W α = St(x α ; U) \ St({x β } β<α ; U) contains the closed set
It is easy to check that the indexed family of open sets (U ∩ W α ) α<κ + is discrete in X and hence dc(X) ≥ κ + > κ = dc(X), which is a desired contradiction witnessing that dc(X) =l * 1 (X).
3. Assuming that X is a perfectly normal space, we shall prove that c(X) = dc(X). To derive a contradiction, assume that c(X) > dc(X) and find a disjoint family U of non-empty open sets in X with |U| > dc(X). For each set U ∈ U use the quasi-regularity of X to fix a non-empty open set V U ⊂ X such that V U ⊂ U . Fix any point x U ∈ V U and consider the closurex U of the singleton {x U }. Then (x U ) U∈U is a disjoint family of closed subsets in X and its union D = U∈Ux U is open in the closure D of D in X. Since X is perfectly normal, D \ D is a G δ -set in X. Consequently, D is an F σ -set, which allows us to find a closed subset F ⊂ D in X such that the family U ′ = {U ∈ U : x U ∈ F } has cardinality |U ′ | > dc(X). Then the set D ′ = U∈U ′xU ⊂ F is closed in X and by normality of X, we can find an open set V in X such that F ⊂ V ⊂ V ⊂ U. It can be shown that {V ∩ U : U ∈ U ′ } is a discrete collection of open sets in X, which implies dc(X) ≥ |F | > dc(X). This contradiction completes the proof of the equality dc(X) = c(X). Since dc(X) ≤l * 1 2 (X) ≤ c(X), we get dc(X) =l 5. Next, assuming that the space X is paracompact, we shall prove that dc(X) = l(X). Since dc(X) ≤ l(X), it suffices to prove that l(X) ≤ dc(X). Fix an open cover U of X. Applying Theorem 5.1.12 of [8] three times, find an open cover V of X such that for every V ∈ V the set St 3 (V ; V) is contained in some set U ∈ U. By Zorn's Lemma, choose a maximal subset A ⊂ X such that y / ∈ St 3 (x; V) for any distinct points x, y ∈ A. We claim that the family (St(x; V)) x∈A is discrete in X. Assuming the converse, we would find a point x ∈ X whose each neighborhood O x meets at least two sets of the family (St(a; V)) a∈A . Fix any set V ∈ V containing x and find two distinct points a, b ∈ A such that V ∩ St(a; V) = ∅ = V ∩ St(b; V). Then b ∈ St 3 (a; V), which contradicts the choice of the set A. This contradiction proves that the family (St(a, V)) a∈A is discrete and hence |A| ≤ dc(X). By the maximality of A, for every point x ∈ X there is a point a ∈ A such that x ∈ St 3 (a; V). Then X = a∈A St 3 (a; V). By the choice of V for every a ∈ A there is a set U a ∈ U containing the set St 3 (a; V). Then {U a : a ∈ A} ⊂ U is a subcover of cardinality ≤ |A| ≤ dc(X), witnessing that l(X) ≤ dc(X).
6. If X is perfectly paracompact, then hl(X) = l(X) ≤ dc(X) by the preceding item.
7. Assume that X is a Moore space and fix a sequence of open covers (U n ) n∈ω of X such that for every x ∈ X the family {St(x; U n )} n∈ω is a neighborhood base at x. For every n ∈ ω fix a subset A n ⊂ X of cardinality
The reverse inequality l * 1 (X) ≤ d(X) holds for any (not necessarily Moore) spaces.
Next, we show that every subspace Y ⊂ X has density d(Y ) ≤ e(X). Using Zorn's Lemma, for every n ∈ ω fix a maximal subset D n ⊂ Y such that x / ∈ St(y; U n ) for any distinct points x, y ∈ D n . It follows that D n is closed discrete subspace of X and hence |D n | ≤ e(X). Moreover, D = n∈ω D n is a dense subset of Y , witnessing that hd(X) ≤ e(X) = de(X). Proposition 1.2 implies that for quasi-regular spaces the (infinite) diagram describing the relations between the cardinal characteristics l * n ,l * n , n ∈ 1 2 N, simplifies to the following (finite) form:
Some inequalities in this diagram can be strict. In particular, there exist:
• a normal space X (for example, the ordinal segment [0, ω 1 ) ) with e(X) = de(X) = ω < c(X) = l(X);
• a compact Hausdorff space X (for example, [0,
• a normal space X with l * 1 1 2 (X) = ω < l * 1 (X) (see [12] ); • a Moore space X with l * (X) = d(X) = ω < e(X) = de(X) (see [7, 3.2.3 .1]); • a Moore space X with c(X) = ω < l * (X) (see [7, 3.2.3.2] ); • a Moore space X with l * 1 1 2 (X) = ω < c(X) (see [7, 3.2.3.3] );
• a Moore locally separable space X with l * 2 (X) =l
There are consistent examples of normal spaces X with l * 1 (X) = d(X) = ω and e(X) = c, see [15] . On the other hand, it is not known (see [5] or [15] ) if there is a ZFC-example of a normal space X with l * (X) = ω < e(X).
Problem 1.4. Construct an example of a (Tychonoff ) topological space X withl * 1
Pre-uniformities and quasi-uniformities
In this section we collect the necessary preliminary information on entourages, pre-uniformities, and operations on them.
2.1. Binary words. In this subsection we consider some structures on the set {+, −} <ω = n∈ω {+, −} n of binary words in the alphabet {+, −}. This set is a semigroup with respect to the operation of concatenation of words. The empty word is the unit of this semigroup, so {+, −} <ω is a monoid. In fact, it is a free monoid over the set {+, −}. This monoid carries a natural partial order: for two words v ∈ {+, −} n ⊂ {+, −} <ω and w ∈ {+, −} m ⊂ {+, −} <ω we write v ≤ w if there is an injective map i : n → m such that v = w • i. So, v ≤ w if the word v can be obtained from w by deleting some letters.
For every n ∈ ω define the alternation words ±n and ∓n by recursion: put ∓0 = ±0 be the empty word and ±(n + 1) = +(∓n), ∓(n + 1) = −(±n) for n ∈ ω.
Entourages.
By an entourage on a set X we understand any subset U ⊂ X × X containing the diagonal ∆ X = {(x, y) ∈ X × X : x = y} of X × X. For an entourage U on X, point x ∈ X and subset A ⊂ X let B(x; U ) = {y ∈ X : (x, y) ∈ U } be the U -ball centered at x, and B(A; U ) = a∈A B(a; U ) be the Uneighborhood of A in X. Since U = x∈X {x} × B(x; U ), the entourage U can be recovered from the family of U -balls {B(x; U ) : x ∈ X}. Now we define some operations on entourages. For two entourages U, V on X let
be the inverse entourage and
be the composition of U and V . It is easy to see that (U V )
For every entourage U on X define its powers U n , n ∈ Z, by the formula:
of an entourage U are particular cases of the verbal powers U v where v ∈ {+, −} <ω := n∈ω {+, −} n is a word in the two-symbol alphabet {+, −}. The verbal powers U v of an entourage U on X are defined by induction: for the empty word v = ∅ ∈ {+, −} 0 we put U ∅ = ∆ X and for a word v ∈ {+, −} <ω we define
The following two properties of verbal products follow immediately from the definitions:
Lemma 2.1. Let v, w ∈ {+, −} <ω be two words in the alphabet {+, −}. Then
For alternating words ±n and ∓n the verbal powers U ±n and U ∓n are called the alternating powers of U . The following lemma shows that the alternating power U ∓2 on an entourage U is equivalent to taking the star with respect to the cover U = {B(x; U ) : x ∈ X}. Lemma 2.2. For any entourage U on a set X and a point x ∈ X we get B(
Proof. Observe that for any x ∈ X and y ∈ B(x; U −1 U ), there is a point z ∈ X such that (x, z) ∈ U −1 and (z, y) ∈ U , which implies x, y ∈ B(z; U ) and hence y ∈ St(x; U). So, B(x; U −1 U ) ⊂ St(x; U). Now assume that y ∈ St(x; U). Then y, x ∈ B(z; U ) for some z ∈ X and hence (x, z) ∈ U −1 , (z, y) ∈ U , which implies (x, y) ∈ U −1 U . So, St(x; U) ⊂ B(x; U −1 U ).
2.3.
Uniformities, quasi-uniformities, and pre-uniformities. A family U of entourages on a set X is called a uniformity on X if it satisfies the following four axioms: (U1) for any U ∈ U, every entourage V ⊂ X × X containing U belongs to U; (U2) for any entourages U, V ∈ U there is an entourage W ∈ U such that W ⊂ U ∩ V ; (U3) for any entourage U ∈ U there is an entourage V ∈ U such that V V ⊂ U ; (U4) for any entourage U ∈ U there is an entourage V ∈ U such that V ⊂ U −1 .
A family U of entourages on X is called a quasi-uniformity (resp. pre-uniformity) on X if it satisfies the axioms (U1)-(U3) (resp. (U1)-(U2) ). So, each uniformity is a quasi-uniformity and each quasi-uniformity is a pre-uniformity. Observe that a pre-uniformity is just a filter of entourages on X.
A subfamily B ⊂ U is called a base of a pre-uniformity U on X if each entourage U ∈ U contains some entourage B ∈ B. Each base of a pre-uniformity satisfies the axiom (U2). Conversely, each family B of entourages on X satisfying the axiom (U 2) is a base of a unique pre-uniformity B consisting of entourages U ⊂ X × X containing some entourage B ∈ B. If the base B satisfies the axiom (U3) (and (U4)), then the pre-uniformity B is a quasi-uniformity (and a uniformity).
Next we define some operations over pre-uniformities. Given two pre-uniformity U, V on a set X put
and let UV be the pre-uniformity generated by the base {U V : U ∈ U, V ∈ V}. Observe that the family of pre-uniformities on a set X endowed with the inclusion order is a (complete) lattice with U ∨ V and U ∧ V being the operations of supremum and infimum in this lattice. For any pre-uniformity U on a set X and a binary word v ∈ {+, −} <ω let U v be the pre-uniformity on X generated by the base {U v : U ∈ U}. Observe that a pre-uniformity U on a set is a quasi-uniformity (and a uniformity) if and only if UU = U (and U −1 = U). This fact implies: Proposition 2.3. For any non-empty binary word v ∈ {+, −} <ω and any quasi-uniformity U the preuniformity U v is equal to U ±n or U ∓n for some n ∈ ω. If U is a uniformity, then U v = U.
For any pre-uniformity U and every n ∈ N consider another two pre-uniformities:
Observe that these pre-uniformities fit into the following diagram (in which an arrow V → W indicates that V ⊂ W):
Let U be a quasi-uniformity on a set X. If U ±n = U ∓n for some n ∈ N, then the preuniformity U ±n = U ∓n is a uniformity and
Proof. Assume that U ±n = U ∓n for some n ∈ N. Taking into account that (
Next, we prove that U ±n ⊂ U ±m for every m ≥ n. This will be done by induction on m ≥ n. For m = n the inclusion U ±n ⊂ U ±m is trivial. Assume that for some m > n we have proved that U ±n ⊂ U ±(m−1) . The inclusion U ±n ⊂ U ±m will be proved as soon as for every entourage U ∈ U we find an entourage V ∈ U such that V ±m ⊂ U ±n . Since U ±n ⊂ U ∓n for the entourage U ∈ U we can find an entourage U ∈ U such that U ∓n ⊂ U ±n . Since U is a quasi-uniformity, we can additionally assume that
2.4. Boundedness numbers of pre-uniform spaces. For any pre-uniformity U on a set X define two cardinal characteristics:
• the boundedness number ℓ(U), defined as the smallest cardinal κ such that for any entourage U ∈ U there is a subset A ⊂ X of cardinality |A| ≤ κ such that X = B(A; U ); • the sharp boundedness number L(U), defined as the smallest cardinal κ such that for any entourage U ∈ U there is a subset A ⊂ X of cardinality |A| < κ such that X = B(A; U ).
the sharp boundedness number L(U) determines the value of the boundedness number ℓ(U).
Each pre-uniformity U on a set X generates a topology τ U consisting of all subsets W ⊂ X such that for each point x ∈ W there is an entourage U ∈ U with B(x; U ) ⊂ W . This topology τ U will be referred to as the topology generated by the pre-uniformity U. If U is a quasi-uniformity, then for each point x ∈ X the family of balls {B(x; U ) : U ∈ U} is a neighborhood base of the topology τ U at x. This implies that for a quasi-uniformity U on a set X the topology τ U is Hausdorff if and only if for any distinct points x, y ∈ X there is an entourage U ∈ U such that B(x; U ) ∩ B(y; U ) = ∅ if and only if UU −1 = ∆ X . It is known (see [16] or [17] ) that the topology of each topological space X is generated by a suitable quasi-uniformity (in particular, the Pervin quasi-uniformity, generated by the subbase consisting of the entourages (U × U ) ∪ (X \ U ) × X where U runs over open sets in X).
For a pre-uniformity U on a topological space X consider another two cardinal characteristics:
• the dense boundedness numberl(U), defined as the smallest cardinal κ such that for any entourage U ∈ U there is a subset A ⊂ X of cardinality |A| ≤ κ such that B(A; U ) in dense in X; • the dense sharp boundedness numberL(U), defined as the smallest cardinal κ such that for any entourage U ∈ U there is a subset A ⊂ X of cardinality |A| < κ such that B(A; U ) is dense in X.
The following diagram describes the interplay between the cardinal characteristics
Observe that for any pre-uniformities U ⊂ V on a topological space we get
For any binary words v ≤ w in {+, −} <ω we get U w ⊂ U v and hence
For a binary word v ∈ {+, −} <ω and a quasi-uniformity U we put ℓ v (U) := ℓ(U v ). In particular, for every n ∈ N we put ℓ
, and ℓ ∨n (U) := ℓ(U ∨n ). Taking into account the inclusion relations between the pre-uniformities U ±n , U ∓n , U ∧n and U ∨n , we get the following diagram.
Universal (pre-and quasi-) uniformities on topological spaces
Let X be a topological space. An entourage U on X is called a neighborhood assignment if for every x ∈ X the U -ball B(x; U ) is a neighborhood of x. The family pU X of all neighborhood assignments on a topological space X is a pre-uniformity called the universal pre-uniformity on X. It contains any pre-uniformity generating the topology of X and is equal to the union of all pre-uniformities generating the topology of X.
The universal pre-uniformity pU X contains • the universal quasi-uniformity qU X = {U ⊂ pU X : U is a quasi-uniformity on X}, and
Since the topology of any topological space X is generated by a quasi-uniformity, the universal quasiuniformity qU X generates the topology of X. In contrast, the universal uniformity U X generates the topology of X if and only if the space X is completely regular.
Therefore, each topological space X carries many canonical pre-uniformities: pU X , qU X , U X , their verbal powers, and the Boolean operations over their verbal powers. The following diagram describe the inclusion relation between these canonical pre-uniformities. In this diagram for two pre-uniformities V, W an arrow V → W indicates that V ⊂ W.
Now we detect spaces for which one of the inclusion U X ⊂ qU X ⊂ pU X turns into equality. Proposition 3.1. A topological space X has U X = qU X if and only if X is discrete.
Proof. The "if" part is trivial. To prove the "only if" part, assume that the space X is not discrete. Fix a non-isolated point x 0 ∈ X and consider the neighborhood assignment U = {x 0 } × X ∪ (X \ {x 0 }) 2 . Since U U = U , the entourage U belongs to the universal quasi-uniformity qU X . Assuming that qU X = U X , we could find a neighborhood assignment V ∈ U X such that V −1 = V ⊂ U . Since the point x 0 is not isolated, the ball B(x 0 ; V ) contains some point x = x 0 . Then X \ {x 0 } = B(x; U ) ⊃ B(x; V −1 ) ∈ x 0 , which is a contradiction.
On the other hand, we have:
Proof. Given any neighborhood assignment U ∈ pU X , we need to find an entourage V ∈ U X such that V ⊂ U −1 U . By Lemma 2.2, for every x ∈ X we get B(x; U −1 U ) = St(x; U) where U = {B(x; U ) : x ∈ X}. By the paracompactness of X we can construct a sequence of open covers (U n ) n∈ω of X such that U 0 = U and for every n ∈ N the cover St(U n ) = {St(U, U n ) : U ∈ U n } refines the cover U n−1 . Using the sequence (U n ) n∈ω , we can show that the neighborhood assignment V = x∈X {x} × St(x; U n ) = U −1 U belongs to the universal uniformity U X on X.
The interplay between the pre-uniformities qU X and pU X is even more interesting.
Proof. If X is finite, then the equality pU X = qU X is trivial. So, we assume that X is infinite. Given any neighborhood assignment U ∈ pU X we shall construct a neighborhood assignment V ∈ pU X such that
We claim that the neighborhood assignment V = k∈ω {x k } × O(x k ) has the desired property:
Also the equality pU X = qU X holds for hereditarily paracompact scattered spaces. We recall that a topological space X is hereditarily paracompact if each subspace of X is paracompact. A topological space X is scattered if each subspace A ⊂ X has an isolated point. By a result of Telgarsky [21] , each scattered paracompact space X is strongly zero-dimensional in the sense that each open cover of X can be refined by a disjoint open cover.
Proposition 3.4. Each scattered hereditarily paracompact space X has pU X = qU X .
Proof. Given any neighborhood assignment U ∈ pU X we shall find a neighborhood assignment V ∈ qU X such that V = V V ⊂ U . Consider the family W of open sets W ⊂ X for which there exists an neighborhood assignment
Observe that for each isolated point x ∈ X the singleton {x} belongs to W, which implies that the union W is a dense open subset of X. We claim that W = X. Assuming that the remainder A = X \ W is not empty, we could find an isolated point x ∈ A. Since the set A \ {x} is closed in A, the setẆ = {x} ∪ W is open in X. To derive a contradiction, we shall prove thatẆ ∈ W.
Since X is (strongly) zero-dimensional, the point x has a closed-and-open neighborhood O x ⊂Ẇ such that O x ⊂ B(x; U ) and O x ∩ A = {x}. Since the space X is hereditarily paracompact, its open subset W is paracompact and, being scattered, is strongly zero-dimensional according to [21] . Consequently, we can find a disjoint open cover W ′ which refines the open cover
has the desired property: V = V V ⊂ U , witnessing thatẆ ∈ W. But this is not possible asẆ ⊂ W. This contradiction shows that W = X. Using the strong zero-dimensionality of X and repeating the above argument, we can find a neighborhood assignment V on X such that V = V V ⊂ U . The equality V = V V implies that V ∈ qU X and hence U ∈ qU X .
The (hereditary) paracompactness of the scattered space X in Proposition 3.4 is essential as shown by the following example. Proof. Let us recall that a subset S ⊂ ω 1 is called stationary if S meets each closed unbounded subset of ω 1 . By [14, 23.4] , the space ω 1 contains a disjoint family {S α } α<ω1 consisting of ω 1 many stationary sets. We lose no generality assuming that each stationary set S α is contained in the order interval ]α, ω 1 [. Consider a neighborhood assignment U on X such that for any ordinal α < ω 1 and point x ∈ S α we get B(x; U ) = ]α, x]. We claim that U / ∈ pU 2 X . Assuming the converse, we could find a neighborhood assignment V ∈ pU X such that V V ⊂ U . For every ordinal α ∈ X = ω 1 find an ordinal f (α) < α such that ]f (α), α] ⊂ B(α; V ). By Fodor's Lemma [14, 21.12] , for some stationary set S ⊂ ω 1 the restriction f |S is constant and hence f (S) = {c} for some ordinal c. We lose no generality assuming that s > c for any ordinal s ∈ S.
Take any ordinal α > c. The set S α , being stationary, meets the closed unbounded set S. Then we can find a point x ∈ S α ∩ S and a point s ∈ S ∩ B(x; V ). Then
which is not possible as c < α. This contradiction completes the proof of the inequality pU X = pU 2 X . Now we prove that U X = pU ∓2 X . Given any neighborhood assignment U ∈ pU X , we need to show that U −1 U ∈ U X . For any ordinal α ∈ ω 1 find an ordinal f (α) < α such that ]f (α), α] ⊂ B(α; U ). By Fodor's Lemma [14, 21.12] , for some stationary set S ⊂ [0, ω 1 [ the restriction f |S is constant and hence f (S) = {β} for some countable ordinal β. Then for every countable ordinal x > β we can find an ordinal α ∈ S with α > x and conclude that x ∈ ]β, α] ⊂ B(α; U ), which implies α ∈ B(x; U −1 ) and ]
2 for every n ∈ ω. For every n ∈ ω put W n = V n ∪ ]β, ω 1 [ 2 and observe that W 0 ⊂ U −1 U and (W n ) n∈ω is a sequence of neighborhood assignments on X such that W 2 n+1 ⊂ W n = W −1 n for every n ∈ ω. This implies that {W n } n∈ω ⊂ pU X is a base of a uniformity on X and hence the entourages W 0 and U −1 U belong to the universal uniformity U X of X. Now we shall characterize metrizable spaces X with pU X = qU X . Let us recall that a topological space X is called a Q-set if each subset in X is of type F σ (see [20, §4] , [2] for more information on Q-sets). We define a topological space X to be a Q ω -set if for any increasing sequence (X n ) n∈ω of sets with X = n∈ω X n there exists a sequence (F n ) n∈ω of closed subsets in X such that X = n∈ω F n and F n ⊂ X n for all n ∈ ω. It is easy to see that each Q-set is a Q ω -set. On the other hand, each metrizable Q ω -set is perfectly meager.
A topological space X is called perfectly meager if each crowded subspace of X is meager in itself. A topological space is crowded if it has no isolated points. More information of perfectly meager spaces can be found in [20, §5] . Proposition 3.6. Each (metrizable) Q ω -set X has cardinality |X| < ω · 2 w(X) (and is perfectly meager).
Proof. Assume that an infinite topological space X is a Q ω -set. First we prove that |X| < ω · 2 w(X) . To derive a contradiction, assume that |X| ≥ ω · 2 w(X) . Let τ denote the topology of the space X and observe that |τ | ≤ 2 w(X) . Denote by F the family of all closed subsets F ⊂ X of cardinality |F | ≥ ω · 2 w(X) and observe that |F | ≤ |τ | ≤ 2 w(X) . Let F = {F α } α<|F | be an enumeration of the set F . Claim 3.7. For every α < |F | there is an injective map i α : ω → F α such that the indexed family i α (ω) α<|F | is disjoint.
Proof. If w(X) is finite, then so is the family F . By induction for every n ∈ ω choose an injective map j n : F → X such that j n (F ) ∈ F \ k<n j k (F ) for every F ∈ F . For every α < |F | put i α (n) = j n (F α ) and observe that the map i α : ω → F α is injective and the indexed family i α (ω) α<|F | is disjoint.
If w(X) is infinite, then |F | ≥ ω · 2 w(X) ≥ 2 ω . In this case by transfinite induction, for every ordinal α < |F | fix an injective map i α : ω → F α \ β<α i β (ω). The choice of i α is always possible since | β<α i β (ω)| = |ω × α| < |ω × F | ≤ ω · 2 w(X) ≤ |F α |. This construction ensures that the indexed family i α (ω) α<|F | is disjoint.
For every n ∈ ω consider the set X n = X \ {i α (m) : m ≥ n, α < |F |} and observe that X = n∈ω X n . Since X is a Q ω -set, there is an increasing sequence (A n ) n∈ω of closed subsets in X such that X = n∈ω A n and A n ⊂ X n for all n ∈ ω. The choice of the sets X n , n ∈ ω, guarantees that A n / ∈ F and hence |A n | < ω · 2
for all n ∈ ω. If w(X) is finite, then {A n } n∈ω ⊂ {X \ U : U ∈ τ } is a finite family of finite sets in X. It follows that the union X = n∈ω A n is finite, which contradicts the assumption |X| ≥ ω · 2 w(X) . So, we conclude that w(X) is infinite. In this case König's Lemma (see Corollary 24 of [13] ) guarantees that cf(2 w(X) ) > w(X) ≥ ω. Consequently, |X| = n∈ω A n < 2 w(X) ≤ |X|, which is a desired contradiction witnessing that |X| < 2 w(X) . Now assume that the space X is metrizable. To prove that X is perfectly meager, fix a crowded subspace Z ⊂ X. Using the well-known fact [8, 4.4.3] that each metrizable space has a σ-discrete base, one can construct a countable disjoint family (D n ) n∈ω of dense sets in Z such that Z = n∈ω D n . Since X is a Q ω -set, for the increasing sequence (X \ Z) ∪ k≤n D n n∈ω there exists an increasing sequence (F n ) n∈ω of closed subsets of X such that X = n∈ω F n and F n ⊂ (X \ Z) ∪ k≤n D n for all n ∈ ω. For every n ∈ ω the closed subset F n ∩ Z is disjoint with the dense set D n+1 in Z and hence F n ∩ Z is nowhere dense in Z. Since Z = n∈ω F n ∩ Z, the space Z is meager.
Thus for any metrizable space X we have the implications: Q-set ⇒ Q ω -set ⇒ perfectly meager. Now we can prove the promised characterization of metrizable spaces X with pU X = qU X . Proposition 3.8. For a metrizable space X the following conditions are equivalent:
The equivalent conditions (1)- (3) imply that X is perfectly meager and |X| < 2 w(X) .
Proof. The implication (1) ⇒ (2) is trivial. To prove that (2) ⇒ (3) assume that pU X = pU 2 X and fix any increasing sequence (X n ) n∈ω of subsets such that X = n∈ω X n . Denote by X ′ the set of non-isolated points in X. For every point x ∈ X let n x = min{n ∈ ω : x ∈ X n }. Fix a metric d generating the topology of X. For a point x ∈ X and ε > 0 denote by B d (x; ε) = {y ∈ X : d(x, y) < ε} the open ε-ball centered at x. Choose a neighborhood assignment U on X such that B(x; U ) = {x} for any isolated point x ∈ X and B d (x; 2 −nx ) ⊂ B(x; U ) for any non-isolated point x ∈ X. Since U ∈ U X = pU 2 X , there is a neighborhood assignment V ∈ pU X such that V V ⊂ U . For every n ∈ ω consider the set Z n = {x ∈ X ′ : B d (x; 2 −n ) ⊂ B(x; V )} and its closure Z n in X ′ . Observe that X ′ = n∈ω Z n = n∈ω Z n . We claim that Z n ⊂ X n for every n ∈ ω. Given n ∈ ω and point x ∈ Z n , find a point
, which implies that n + 1 > n x and hence x ∈ X n . So, Z n ⊂ X n . Write the open discrete subset X \ X ′ as a countable union X \ X ′ = n∈ω D n of closed subsets D n of X. Then X = n∈ω F n for the increasing sequence (F n ) of the closed sets F n = (D n ∩ X n ) ∪ Z n ⊂ X n , n ∈ ω, which means that X is a Q ω -set.
(3) ⇒ (1) Assume that X is a Q ω -set. To prove that pU X = qU X , take any neighborhood assignment U ∈ pU X . Fix a metric d ≤ 1 generating the topology of the metrizable space X. For every n ∈ ω consider the set X n = {x ∈ X : B d (x; 3 −n ) ⊂ B(x; U )}. The space X, being a Q ω -set, can be written as the union X = n∈ω F n of an increasing sequence (F n ) n∈ω of closed subsets of X such that F n ⊂ X n for every n ∈ ω. For every point x ∈ X let n x = min{n ∈ ω : x ∈ F n }. Observe that B d (x; 3 −nx ) ⊂ B(x; U ). For every number k ∈ ω consider the neighborhood assignment V k on X assigning to each point
Here we assume that F −1 = ∅ and d(x, ∅) = 1. It follows that B(x; V 0 ) ⊂ B d (x; 3 −nx ) ⊂ B(x; U ) and hence V 0 ⊂ U . The inclusion V 0 ∈ qU X will follow as soon as we check that V 2 k+1 ⊂ V k for every k ∈ ω. Take any points x, y, z ∈ X with (x, y) ∈ V k+1 and (y, z) ∈ V k+1 . By the definition of the entourage V k+1 , the ball B(x; V k+1 ) ∋ y does not intersect the set F nx−1 , which implies that n y ≥ n x . By the same reason, n z ≥ n y . The inclusions y ∈ B(x; V k+1 ) and z ∈ B(y;
which implies that the family {V k } k∈ω is a base of a quasi-uniformity on X. Then V 0 ∈ {V k } k∈ω ⊂ qU X and U ∈ qU X . Proposition 3.6 completes the proof.
Following [22] and [2] by q 0 we denote the smallest cardinality of a metrizable separable space which is not a Q-set. By Theorem 2 of [2] , p ≤ q 0 ≤ min{b, log(c + )}, which implies that q 0 = c under Martin's Axiom. We recall that p is the smallest cardinality of a family A of infinite subsets of ω such that for every finite subfamily F ⊂ A the intersection F is infinite and for every infinite subset A ⊂ ω there is a set F ∈ F such that A \ F is infinite.
Denote by q ω the smallest cardinality of a metrizable separable space, which is not a Q ω -set. Taking into account that each Q-set is a Q ω -set and the real line is not a Q ω -set, we conclude that p ≤ q 0 ≤ q ω ≤ c, which implies that p = q ω = c under Martin's Axiom.
Corollary 3.9. If q ω = c, then for a metrizable separable space X the following conditions are equivalent:
On the other hand, we have the following ZFC-result. Proposition 3.10. Each metrizable space X has qU X = pU 2 X . Proof. Given any neighborhood assignment U ∈ pU X we shall find an entourage V ∈ qU X such that V ⊂ U U . Fix a metric d ≤ 1 generating the topology of X. For every n ∈ ω consider the set X n = {x ∈ X : B d (x; 3 −n ) ⊂ B(x; U )} and observe that X = n∈ω X n = n∈ω X n . For every point x ∈ X let n x = min{n ∈ ω : x ∈ X n } Observe that −nx ) ⊂ B(x; U U ) and hence V 0 ⊂ U U . Repeating the argument of the proof of Proposition 3.8, we can show that V 0 ∈ {V k } k∈ω ⊂ qU X and hence U ∈ qU X . Propositions 3.2-3.8 and 3.10 imply that for metrizable spaces the diagram describing the inclusion relations between the canonical pre-uniformities U X , qU ±n X , qU ∓n , qU ∧n X , qU ∨n , pU ±n X , pU ∓n , pU ∧n X , pU ∨n collapses to the following form.
Example 3.11. For a T 1 -space X with a unique non-isolated point ∞ we get pU X = qU X and
whereẊ denotes X endowed with the discrete topology.
Proof. By Propositions 3.2 and 3.4, pU X = qU X and U X = U ∓2 X . Denote by N ∞ the family of all neighborhood of the (unique) non-isolated point ∞ ∈ X and observe that
which yields the required (in)equalities.
Verbal covering properties of topological spaces
Cardinal characteristics of the pre-uniformities pU X , qU X and U X or (Boolean operations over) their verbal powers can be considered as cardinal characteristics of the topological space X.
Namely, for any binary word v ∈ {+, −} <ω and any topological space X consider the cardinals
Taking into account that
for every binary word v ∈ {+, −} <ω \ {∅}. So, all cardinal characteristics uℓ v (X), ul v (X), uL v (X), uL v (X) with v = ∅ collapse to two cardinal characteristics uℓ(X) and uL(X) (of which uL determines uℓ).
On the other hand, the equality qU 2 X = qU X implies that for every word v ∈ {+, −} <ω the cardinal qℓ v (X) (resp. ql v (X)) is equal to qℓ ±n (X) or qℓ ∓n (X) (resp. ql ±n (X) or ql ∓n (X)) for some n ∈ ω. For every n ∈ N and a topological space X consider the cardinals
The diagram drawn at the beginning of Section 3 and the monotonicity of the boundedness number ℓ yield the following diagram describing the inequalities between the cardinal characteristics uℓ, ℓ
<ω be a binary word. A topological space X is defined to be
Observe that a topological space X is compact (resp. Lindelöf, weakly Lindelöf) if and only if X is +-compact, (resp. +-Lindelöf, weakly +-Lindelöf).
Problem 4.2. Given two distinct binary words v, w ∈ {+, −} <ω study the relations between the cardinal characteristics ℓ v ,l v , ℓ w ,l w . Are these cardinal characteristics pairwise distinct?
Observe that for any neighborhood assignment U on a topological space X and any subset A ⊂ X we get A ⊂ B(A; U −1 ). This implies that for any binary word v ∈ {+, −} <ω we get the following diagram:
Using Lemma 2.2 it is easy to prove the following proposition showing that all star-covering properties of topological spaces can be expressed by the cardinal characteristics ℓ v ,l v , for suitable alternating words v.
Proposition 4.3. For every n ∈ ω we have the equalities:
, and
The initial cardinal characteristics ℓ ±1 , ℓ ∓1 , ℓ ∨1 and qℓ ±1 , qℓ ∓1 , qℓ ∨1 have nice inheritance properties.
Proof. Given a neighborhood assignment V ∈ pU F on F , consider the neighborhood assignmentṼ = V ∪ (X × (X \ F )) on X and observe that B(x;Ṽ ) ∩ F = B(x; V ) for every x ∈ F . By definitions of the cardinals ℓ ±1 (X) and ℓ ∨1 (X), there are subsets A, A 1 ⊂ X of cardinality |A| ≤ ℓ ±1 (X) and
. Indeed, for every x ∈ F there is a point a ∈ A 1 such that x ∈ B(a;Ṽ ∩Ṽ −1 ). Then B(a;Ṽ ) ∩ F = ∅, which implies a ∈ F . The choice of the neighborhood assignmentṼ guarantees that x ∈ F ∩ B(a;Ṽ ) = B(a; V ) and a ∈ F ∩ B(x;Ṽ ) = B(x; V ). So, x ∈ B(a; V ∩ V −1 ) and the set A 1 ∩ F witnesses that ℓ ∨1 (F ) ≤ ℓ ∨1 (X). If V ∈ qU F , thenṼ ∈ qU X . Indeed, for the neighborhood assignment V we could find a sequence of neighborhood assignments (V n ) n∈ω in qU F such that V 0 = V and V 2 n+1 ⊂ V n for every n ∈ ω. For every n ∈ ω consider the neighborhood assignmentṼ n = V n ∪ (X × (X \ F )) on X. We claim thatṼ 2 n ⊂Ṽ n−1 for all n > 0. Given any number n > 0 and pair (x, y) ∈Ṽ 2 n , we should check that (x, y) ∈Ṽ n−1 . This is trivially true if y / ∈ F . So, we assume that y ∈ F . Since (x, y) ∈Ṽ 2 n , there is a point z ∈ X such that (x, z), (z, y) ∈Ṽ n . Since y ∈ F , the definition ofṼ n implies that z ∈ F and x ∈ F . Then (x, z), (z, y) ∈ (F × F ) ×Ṽ n = V n and hence (x, y) ∈ V 2 n ⊂ V 2 n−1 ⊂Ṽ n−1 . It follows that the set {V n } n∈ω generates a quasi-uniformity V = {V ⊂ X × X : V n ⊂ V for some n ∈ ω} consisting of neighborhood assignments on X.
Consequently,Ṽ =Ṽ 0 ∈ V ⊂ qU X . In this case we can additionally assume that the subsets A, A 1 ⊂ X have cardinality |A| ≤ qℓ ±1 (X) and |A 1 | ≤ qℓ ∨1 (X), which implies qℓ ±1 (F ) ≤ qℓ ±1 (X) and qℓ ∨1 (F ) ≤ qℓ ∨1 (X).
Proof. Given any neighborhood assignment V on U , observe thatṼ = V ∪ (X \ U ) × X is a neighborhood assignment on X such that B(x;Ṽ ) = B(x; V ) for every x ∈ U . By the definitions of ℓ ∓1 (X) and ℓ ∨1 (X), there are subsets A ⊂ X and A 1 ⊂ X of cardinality |A| ≤ ℓ ∓1 (X) and |A 1 | ≤ ℓ ∨1 (X) such that B(x;Ṽ ) ∩ A = ∅ and B(x;Ṽ ∩Ṽ −1 )∩A 1 = ∅ for every x ∈ U . Then A∩U and A 1 ∩U are subsets of cardinality |A∩U | ≤ |A| ≤ ℓ ∓1 (X) and
. If V ∈ qU U , then by analogy with the proof of Proposition 4.4, we can show that the neighborhood assignment V belongs to the universal quasi-uniformity qU X . In this case we can assume that the sets A, A 1 have cardinality |A| ≤ qℓ ∓1 (X) and |A 1 | ≤ qℓ ∨1 (X), which implies qℓ ∓1 (U ) ≤ qℓ ∓1 (X) and qℓ ∨1 (U ) ≤ qℓ ∨1 (X).
Proposition 4.6. Let X be a topological space. Then
Proof. 1. First we prove that ℓ ∧1 (X) ≤ s(X). Given any neighborhood assignment V on X we need to find a subset A ⊂ X of cardinality |A| ≤ s(X) such that X = B(A; V ∪ V −1 ). Using Zorn's Lemma, choose a maximal subset A ⊂ X such that y / ∈ B(x; V ∪ V −1 ) for any distinct points x, y ∈ X. Taking into account that for every x ∈ A the set B(x; V ∪ V −1 ) is a neighborhood of x, we conclude that the space A is discrete and hence has cardinality |A| ≤ s(X).
To see that s(X) ≤ qℓ ∨1 (X), take any discrete subspace
It follows that U x ⊂x where x is the closure of the singleton {x} in X. Observe that for any distinct points x, y ∈ D we get 
, fix a network N of the topology of X of cardinality |N | = nw(X). Given a neighborhood assignment V on X, for every x ∈ X find a set N x ∈ N such that x ∈ N x ⊂ B(x; V ). Since |{N x : x ∈ X}| ≤ |N | = nw(X), we can choose a subset A ⊂ X of cardinality |A| ≤ nw(X) such that {N x : x ∈ A} = {N x : x ∈ X}. We claim that X = B(A; V ∩ V −1 ). Indeed, for every point x ∈ X we can find a point a ∈ A such that N a = N x . Then x ∈ N x = N a ⊂ B(a; V ) and a ∈ N a = N x ⊂ B(x; V ), which implies x ∈ B(a; V ∩ V −1 ). So, ℓ ∨1 (X) ≤ nw(X).
2. The equality ℓ ±1 (X) = l(X) follows from Proposition 4.3 and qℓ ±1 (X) ≤ ℓ ±1 (X) is trivial. To see that de(X) ≤ qℓ ±1 (X), take any discrete family D of subsets in X. Replacing each set D ∈ D by its closure D, we can assume that D consists of closed sets. Then its union D is a closed set in X and Proposition 4.4 guarantees that |D| ≤ qℓ
3. The inequality ℓ ∓1 (X) ≤ d(X) trivially follows from the definitions of the cardinal invariants ℓ ∓1 and d. To see that c(X) ≤ qℓ ∓1 (X), take any disjoint family U of non-empty open sets in X and applying Proposition 4.5, conclude that |U| ≤ qℓ ∓1 ( U) ≤ qℓ ∓1 (X), which implies that c(X) ≤ qℓ ∓1 (X).
4. If X is quasi-regular, then the equality dc(X) = l * ω (X) =l * 1
follows from Propositions 1.2 and 4.3.
5. Next, assume that X is completely regular. Then we get the inequality uℓ(X) ≤ qℓ ω (X) ≤ ql ±3 (X) ≤ ℓ ±3 (X) = dc(X). These inequalities will turn into equalities if we prove that dc(X) ≤ uℓ(X). Assuming that uℓ(X) < dc(X), for the cardinal κ = uℓ(X) we can find a discrete family (U α ) α∈κ + of non-empty open sets on X. In each set U α fix a point x α . Since X is completely regular, for every α ∈ κ + we can choose a continuous function f α : X → [0, 1] such that f α (x α ) = 1 and f
The pseudometric d determines a uniformity generated by the base consisting of entourages [d] <ε = {(x, y) ∈ X × X : d(x, y) < ε}, which belong to the universal uniformity U X on X. Observe that for any subset A ⊂ X of cardinality |A| ≤ κ there is an index α ∈ κ + such that U α ∩ A = ∅. Then for the entourage U = [d] <1 ∈ U X we get x α / ∈ B(A; U ), which implies that uℓ(X) = ℓ(U X ) > κ = uℓ(X) and this is a desired contradiction.
Proof. Fix a family of neighborhood assignments (U α ) α<χ(X) on X such that for every x ∈ X the family {B(x; U α )} α<χ(X) is a neighborhood base at x. By the definition of the foredensity ℓ − (X), for every α < χ(X) there is a subset A α ⊂ X of cardinality |A α | ≤ ℓ − (X) such that A α ∩ B(x; U α ) = ∅ for every x ∈ X. Then the union A = α<χ(X) A α is a dense set of cardinality ℓ
Now assume that |X| < ℵ ω . To derive a contradiction, assume that ℓ − (X) < d(X). First we show that d(X) is infinite. Assuming that d(X) is finite, fix a dense subset D ⊂ X of cardinality |D| = d(X). We claim that any two distinct points x, y ∈ D have disjoint neighborhoods. Assuming that for some distinct points x, y ∈ D any two neighborhoods O x , O y ⊂ X have non-empty intersection, we conclude that
Since D is finite, there is a point z ∈ D such that z ∈ O x ∩ O y for any neighborhoods O x and O y of x and y, respectively. Then D ′ = {z} ∪ (D \ {x, y}) is a dense set of cardinality |D ′ | < |D| = d(X), which contradicts the definition of d(X). Therefore we can choose a neighborhood assignment
By the definition of the foredensity ℓ − (X), there is a subset P ⊂ X of cardinality |P | ≤ ℓ − (X) such that O x ∩ P = ∅ for every x ∈ D. Taking into account that the family (O x ) x∈D is disjoint, we conclude that ℓ − (X) ≥ |P | ≥ |D| = d(X) and this is a desired contradiction showing that d(X) is infinite.
Let U be the family of all open sets 
µ is contained in some set C α , α < κ. By transfinite induction for every α < κ choose a point x α ∈ V \ (C α ∪ {x β } β<α ). The choice of the point x α is possible since the set C α is nowhere dense in V and the open set V α = V \ C α is not empty and hence has cardinality |V α | = |V | > |{x β } β<α |. After completing the inductive construction, choose a neighborhood assignment U on X such that B(x α ; U ) = V α for every α < κ. By definition of ℓ − (X) for the neighborhood assignment U there is a subset A ⊂ X of cardinality |A| ≤ ℓ − (X) such that B(x α ; U ) ∩ A = ∅ for every α < κ. By the choice of the family C there is an ordinal α < κ such that
which is a desired contradiction proving the equality ℓ − (X) = d(X).
Theorem 5.1 will be completed by an example of a topological space (actually, a semitopological group) whose foredensity is strictly smaller than its density. In the proof we shall use one simple fact of the Shelah's pcf-theory (see, [1] , [5] ). The pcf-theory studies possible cofinalities of ultraproducts of increasing sequences of cardinals. Namely, let κ be a singular cardinal, i.e., an uncountable cardinal with cf(κ) < κ. The cardinal κ can be written as κ = sup α∈cf(κ) κ α for a strictly increasing sequence of regular cardinals (κ α ) α∈cf(κ) . Fix any ultrafilter U on cf(κ) extending the filter {cf(κ) \ A : |A| < cf(κ)}. Such ultrafilters will be called cf(κ)-regular. The ultrafilter U generates the linear preorder ≤ U on α∈cf(κ) κ α defined by f ≤ U g iff {α ∈ cf(κ) : f (α) ≤ g(α)} ∈ U . By cf U ( α κ α ) we denote the cofinality of the linearly preordered set ( α∈cf(κ) κ α , ≤ U ). It is equal to the smallest cardinality of a cofinal subset C ⊂ α∈cf(κ) κ α (the cofinality of C means that for any function f ∈ α∈κ κ α there is a function g ∈ C such that f ≤ U g). We shall need the following known fact (whose proof is included for convenience of the reader).
Proof. Since the preorder ≤ U is linear, the cardinal cf U ( α κ α ) is regular. Since κ is singular, the strict inequality cf U ( α κ α ) > κ will follow as soon as we prove that cf U ( α κ α ) ≥ κ. To derive a contradiction, assume that cf U ( α κ α ) < κ. Then the product α∈cf(κ) κ α contains a cofinal subset C of cardinality |C| < κ. Find an ordinal β < cf(κ) such that |C| < κ β . For every ordinal α ∈ β, cf(κ) , the regularity of the cardinal κ α guarantees that the set {f (α) : f ∈ C} is bounded in the cardinal κ α = [0, κ α ). So there exists an ordinal g(α) ∈ κ α such that f (α) < g(α) for all functions f ∈ C. Fix a functionḡ ∈ α∈cf(κ) κ α such thatḡ(α) = g(α) for all α ∈ [β, cf(κ)). By the cofinality of C, there is a function f ∈ C such thatḡ ≤ U f . Then the set {α ∈ cf(κ) :ḡ(α) ≤ f (α)} belongs to the ultrafilter U , which is not possible as this set is contained in the set [0, β), which does not belong to U by the cf(κ)-regularity of U . This contradiction completes the proof of the inequality cf U ( α κ α ) > κ.
With Lemma 5.2 in our disposition, we are able to present the promised example of a semitopological group whose foredensity is strictly smaller than its density. We recall that a semitopological group is a group G endowed with a topology τ making the group operation · : G×G → G separately continuous. This is equivalent to saying that for every elements a, b ∈ G the two-sided shift s a,b : G → G, s a,b : x → axb, is continuous. It remains to prove that ℓ − (G) ≤ max{d(G), cf(κ)}. Fix any neighborhood assignment V onG. Write the singular cardinal κ as κ = sup α<cf(κ) κ α for some strictly increasing sequence of regular cardinals (κ α ) α∈cf(κ) such that κ = sup α∈cf(κ) κ α . Let U be any cf(κ)-regular ultrafilter on the cardinal cf(κ).
Fix any bijective map ξ : G → κ. For every x ∈ G by the definition of the topologyτ there exists a neighborhood O x ⊂ G of x in the topology τ such that |O x \B(x; V )| < κ. Then the set D x = D · O x \B(x; V ) has cardinality |D x | ≤ |D| · |O x \ B(x; U )| < κ and hence |D x | < κ αx for some ordinal α x ∈ cf(κ). Using the regularity of the cardinals κ β , β ∈ [α x , cf(κ)[ , we can choose a function f x ∈ α∈cf(κ) κ α such that for any ordinal β ∈ [α x , cf(κ)[ we get [0, κ β [ ∩ ξ(D x ) ⊂ [0, f x (β)[ . By Lemma 5.2, the set of functions {f x : x ∈ G} is not cofinal in the linearly preordered set ( α∈cf(κ) κ α , ≤ U ). Consequently, there exists a function f ∈ α∈cf(κ) κ α such that f ≤ U f x for every x ∈ G. Consider the set F = {ξ −1 (f (α)) : α ∈ cf(κ)} ⊂ G. To finish the proof it remains to check that the set DF meets each U -ball B(x; V ), x ∈ G.
To derive a contradiction, assume that DF ∩ B(x; V ) = ∅ for some point x ∈ G. We claim that F ⊂ D x . Assuming that F ⊂ D x = D · (O x \ B(x; V )) and taking into account that D is a subgroup of G, we could find a point y ∈ F such that y / ∈ D · (O x \ B(x; V )), which implies Dy ∩ (O x \ B(x; V )) = ∅ and hence Dy ∩ O x ⊂ B(x; V ). Using the density of the sets D and Dy in (G, τ ), find a point z ∈ D with zy ∈ O x . Then zy ∈ Dy ∩ O x ⊂ B(x; V ), which contradicts zy ∈ DF ∩ B(x; V ) = ∅.
So, F ⊂ D x and hence [0,
[ for any β ∈ [α x , cf(κ)[ . It follows from f ≤ U f x that the set {α ∈ cf(κ) : f (α) ≤ f x (α)} does not belong to the ultrafilter U and hence the set U x = {α ∈ cf(κ) : f (α) > f x (α)} belongs to U . The cf(κ)-regularity of the ultrafilter U guarantees that |U x | = cf(κ) and hence we can find an ordinal β ∈ U x with β > α x . For this ordinal we get f (β) ∈ ξ(F ) ∩ [0, κ β [ ⊂ [0, f x (β)[ which contradicts f x (β) < f (β). This contradiction shows that the set DF of cardinality |DF | ≤ d(G) · cf(κ) meets every V -ball B(x; V ), x ∈ G, witnessing that ℓ
A topological space X is called totally disconnected if for any distinct points x, y ∈ X there is a closed-andopen subset U ⊂ X such that x ∈ U and y / ∈ U . Observe that each totally disconnected space is functionally Hausdorff. Proof. Given a singular cardinal κ, consider the power Z If κ > 2 2 cfκ , then take any group G of cardinality |G| = κ and let τ = {∅, G} be the anti-discrete topology on G. In this case G is a topological group of density d(G) = 1.
Denote byG the group G endowed with the topologÿ τ = {U \ A : U ∈ τ, |A| < κ}.
By Proposition 5.3, the topological T 1 -spaceG has density d(G) = |G| = κ and foredensity ℓ − (G) ≤ cf(κ). If κ ≤ 2 2 cf(κ) , then the topology τ is totally disconnected and Hausdorff, and so is the topologyτ .
Observe that under Generalized Continuum Hypothesis no singular cardinal κ satisfies the inequality κ ≤ 2 
